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1. Introduction 

For a function / S L p (M. d ), d > 2, we consider the spherical means 

(1.1) Atf{x) = f f(x-ty)da(y) 

where da is the rotationally invariant measure on S^ -1 , normalized such that a(S d ~ 1 ) = 1. We wish to 
study the question of pointwise convergence as t — > where the radii t are restricted to a subset E of 
(0, oo). Pointwise convergence is established from boundedness properties of the maximal function 

M E f(x) = sup|A/(x)| 

tEE 

for / € L'P(R d ). 

Stein [14] showed that for E = R+ the maximal operator Me is bounded on LP if and only if p > 
d/(d — 1), <i > 3; the same result for the case d = 2 was later proved by Bourgain [2]. The critical exponent 
p(E) for i p boundedness of M. E , for any set E £ (0, oo), was determined by Seeger, Wainger and Wright 
[12]. It is computed using a dilation invariant notion of Minkowski-dimcnsion. In order to describe the 
result we let N(E, 6) be the <5-entropy number of E, that is the minimal number of intervals of length 8 
needed to cover E (wc shall always redefine iV(0, 5) — 1). Define 

E k = { 2 k 7 2 k+1 )nE 

and 

p(E) = 1 + —— sup sup 6 _' -). 

0-1 v a>o feez logo / 

Then M. e is bounded on LP for p > p(E) and unbounded on LP if p < p(E) . Moreover various LP results 
were proven in [12] for the critical exponent p = p(E); however these results fell short of being necessary 
and sufficient. 

For the case that our maximal operator acts only on radial functions sharp endpoint estimates in almost 
all cases have been obtained in [13]. The relevant condition for 1 < p < d/(d — 1) turned out to be 

Condition (C Pi9 ). 

(1.2) sup (Y,[K(E j+n ,2 j )] q / p 2- n ( d - 1 W p, y /q < oo ifp < q < oo, 

3 n>0 

(1.3) sup N(E k , 2 k 6) 1/p S {d - 1)/p ' <oo ifq = oo. 
kez 

s>o 
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It is shown in [13] that for Me to map L^ ad to the Lorentz space L p ' q , 1 < p < d/(d — 1), p < q < oo 
it is necessary and sufficient that condition (C p>9 ) holds. The necessity can be shown by testing Me on 
characteristic functions of small balls. Observe that (C P ,oo) is the limiting case of (C Pi9 ) as q — > oo. For 
p = d/(d— 1) there are different characterizations for L P ad — * L p ' q boundedness, at least when d > 2. 

The main purpose of this paper is to prove analogues of the L P ad — > L p and L^ ad — > L^- 00 endpoint 
estimates for general functions in L p , assuming however an additional regularity assumption (see hypothesis 
(IZp) below). The main general results for 1 < p < d/(d — 1) are stated in Theorem I, II, III and IV below. 
The case where each set E k = E n [2 fe , 2 k+1 ] is a convex sequence serves as a model case (see §8 below). 
In particular we have 

Theorem 1.1. 

(i) Let < a < oo and let 

(1.4) E(a)={2 k (l + v- a ):keZ,iseZ + }. 

Then Me(c) is of weak type (p,p) if and only if p > 1 + [(d — l)(a + l)] -1 - 

(ii) Let l/(d — 1) < /3 < oo and let 

(1.5) E{fi) = {2 k {\ + \og- {2 + v)) : k e Z, i/ e Z+}. 
Tften ^e(i3) * s °/ wea ^ ^2/P e (P)P) */ aric ^ on ^2/ if P > d/(d— 1). 

(a) Only the endpoint cases p = 1 + [(d— l)(a + 1)] _1 and p = d/(d— 1) are new. When /3 < l/(d— 1), 
^E(P) ^ a ^ s *° ^ e weak type (d/ (d — 1), d/ (d — 1)). The case /? = l/(d — 1) remains open. 

(b) For p = 1 a slight variant was obtained by M. Christ who proved that the lacunary spherical 
maximal operator (with E = {2 k : k e Z}) maps the Hardy space H 1 to L 1 ' 00 . This can be deduced from a 
simple modification of the proof below, and in fact the weak type estimates in §5 are extensions of Christ's 
argument. 

(c) It is not known whether the lacunary spherical maximal function maps L 1 to L 1 ' 00 . The closest 
known result is a weak type L log log L inequality proved by the authors in [11]. 

We shall now formulate a technical result on L p boundedness for M e which is only a minor improvement 
of the result in [12] . It gives a reasonably sharp but not yet definitive estimate for general sets E of dilations. 
It will be applied however to sets which tend to be much thinner than the original sets. 

Proposition 1.2. Suppose that d > 2 and 1 < p < d/(d — 1). Suppose that {tOj}°^ is a sequence of 
positive numbers satisfying 

(1.6) E^r'^ 1 

j>0 

and suppose that 

(1.7) snpY ^ P N(E k+ ^2 k )2-^ d - 1 ^ p ' < Ag. 

Then Me is bounded on L p (R d ), with operator norm dominated by CA . 
We now describe our regularity assumption and begin with the following 
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Definition, (i) A set J C M + is equally spaced with width 8 and possible deviation C > 1 if for alii e J 
the inequalities 



(1.8) C _1 (5 < dist(i, J \ {*}) < CS 
hold. 

(ii) A family J = {J} of subsets of R+ is uniformly equally spaced if for every J e J there is a 
5 = 5(J) > so that (1.8) holds with 6 (J) and a constant C independent of J. 

(iii) Let J be an equally spaced subset of R + . Then we call a.j = inf J and b j = sup J the endpoints 
of J. 

(iv) Let J be uniformly equally spaced family of subsets of R+. Then we denote by V(J) the set of 
endpoints T>(J) = U JeJ {aj,bj}. 

Our regularity assumption will say that each E k can be split into "not too many" equally spaced sets. 
This gives a large class of examples, since in general the sets V k of endpoints are often much thinner than 
the sets E k . 

Regularity hypothesis (TZ P ). 

E satisfies hypothesis (1Z P ) if for each k there is a collection J k — {J} of subsets of [2 k ,2 k+1 ] such 
that E k C Uj e jkJ and the following three conditions are satisfied. 

(a) The family { J : J e Ufc e zi7 fe } is uniformly equally spaced (with uniform possible deviation C). 

(b) There is a positive sequence u = {ojj}jZ with J2 < jLo UJ J P < 1 so that the sets of endpoints V k = 
V(J k ) = Uj eJk {aj,bj} satisfy 

(1.9) sup f V \N{V k+ \2 k )2-i {d - 1 ^l p ' lo p \ 1/P < Co < oo. 

(c) Let J k denote the subfamily of all J e J k which are equally spaced with width 2 k ~ f * and possible 
deviation C. Then we assume that there is C\ > 1 such that 

(1.10) y card ( J ) < CiN{E k ,2 k -») 
for every k e Z, \i G N. 

Note that by Proposition 1.2 the hypothesis (1Z P ) insures that the maximal operator associated to the 
set of endpoints, Ufe>of fe , maps L p to L p . 
Our main results are 

Theorem I. Suppose that 1 < p < d/(d — 1) and suppose that E satisfies the regularity assumption (1Z P ). 
Then Me is bounded on L p (R d ) if and only if condition (C PtP ) holds. 

Theorem II. Suppose that 1 < p < d/(d— 1), and suppose that E satisfies the regularity assumption (1Z P ). 
Then Me is of weak type (p,p) if and only if condition (C Pj00 ) holds. 

It is well known that the weak type (p,p) bounds imply pointwise convergence theorems. By the 
Theorems of Calderon and Stein [15 ,ch.X,§2] and the fact that (C Pi00 ) is necessary for the L p — > L p '°° 
inequality, these are sharp: 
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Corollary 1.3. Let {tj}°^ 1 be a sequence with lim^oo tj = and assume that E — {tj} satisfies condition 
(U p ) for some pe(l,d/(d -1)). LetA t J(x) = j sd _, f(x - t jy ')da(y'). 

(i) Suppose that E satisfies condition (C P:00 ). Then \im.j^ 00 At j f{x) = f(x) almost everywhere. 

(ii) If condition (C p ,oo) is not satisfied then there is a nonnegative function f G L p (R d ) such that 
lim sup^oo Atjf(x) =00 almost everywhere. 

Remark. It would of course be interesting to know whether some regularity assumption is needed. As 
a typical example where the regularity assumption fails consider the Cantor middle third set, translated 
by 1, so that E = {1 + Y^Li : b v G {0,2}} and let E = (Jke2,E . Now the critical exponent is 

p cr = 1 + (d — log 2/ log 3. The set E satisfies condition (C Pcr , Pcr ) and the set E satifies condition 
{Cp ct , 00) ■ However TZ Pcl fails to hold and thus Theorems I and II above do not apply. It is not known 
whether Me or M-e are of weak type (p C r,Pcr) ; see however a counterexample for a closely related 
maximal operator in §8.2 below. A much easier result is that Me is of restricted weak type, see Proposition 
1.4 below. 

We now turn to the limiting case p = p d := d/(d — 1). There are sharp results, at least for L Pd 
boundedness, although conditions (TZ P ) and (C PjP ) are replaced by the following different conditions (TZ Pd ) 
and (C Pd ), respectively. 

Regularity hypothesis (7Z Pd ). 

E satisfies hypothesis (lZ Pd ) if for each k there is a collection J k = {J} of subsets of [2 k , 2 k+1 ] so that 
assumptions (a) and (b) in (1Z P ) hold but (c) in (1Z P ) is replaced by 
(c) There is a C\ > 1 such that 

(1.11) Yl card ( J ) < C 1 2- n N(E k ,2 k - n ) 

m>™ JeJ* 

holds uniformly in n G N. 
The analogue of condition (C p . p ) is 
Condition (C Pd ). 

The discrete measure X^ez S n >o N{E k , 2 k ^ n )2^ n n x ^ d ^ V) 8k, n is a Carleson measure on the upper half 
plane; i.e. 

(1.12) sup J2 N(E k ,2 k - n )2- n n 1 ^ d -V < 00 

' ' (fe,n)eT(J) 

where the supremum is taken over all intervals of length > 1 and T(I) is the tent of I, i.e. T(I) = {(x, t) : 
x G I, < t < \I\}. 

It was shown in [13] that for d > 3 condition (C Pd ) is equivalent with the L Pd boundedness of A4e 
on radial functions. For general L p functions we have a similar result provided that hypothesis (lt Pd ) is 
satisfied: 

Theorem III. Let d > 2 and pd = d/(d— 1) and suppose that E satisfies the regularity assumption (JZ Pd ). 
Then Me is bounded on L Pd (R d ) if and only if condition (C Pd ) holds. 

Concerning a weak type (pd,Pd) inequality in dimensions d > 3 one may conjecture that the hypothesis 

(1.13) N{E k , 2 k S) < C6- 1 [log(l/J)] 

is necessary and sufficient for L Pd —> L Pd -°° boundedness as this is shown to hold in [13] on L P * A . For general 
functions / and under the regularity assumption (lZ Pd ) we prove the following slightly weaker result. 
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Theorem IV. Let d>3 and pd = d/(d— 1) and suppose that E satisfies the regularity assumption (lZ Pd ) 
and suppose that 

(1.14) N(E k , 2 k 5) < C6- 1 [log(l/<5)] [loglog(l/<5)] 

uniformly in k e Z erne? <5 < e~ 2 . T/ien Me is of weak type (pd,Pd)- 

At present we do not know whether the same conclusion holds under the weaker condition (1.13). This 
accounts for the as yet undecided weak type (pd,Pd) estimate for Mg,» in the remaining case = l/(d— 1) 
in Theorem 1.1. 

We now briefly turn to the question of restricted weak type inequalities. Here no regularity assumption 
is needed. 

Proposition 1.4. Let 1 < p < d/(d — 1), d > 3 or 1 < p < 2, d = 2 and suppose that E satisfies condition 
(C Pl00 ). Then Me is of restricted weak type (p,p), i.e. it maps LP- 1 to L p co . 

It remains open whether for the range 1 < p < d/(d — 1) the operator is of weak type (p,p), under 
condition (C PiOCJ ) alone, without the regularity assumption. Proposition 1.4 is much more straightforward 
than Theorem II above and we shall not give the details of the proof here. For pd = d/(d — 1), d > 3 the 
result had been already proved by Bourgain [1], and a variant of his argument applies for 1 < p < d/(d — 1) 
as well. Indeed let A\ be the frequency localized operator as in (2.1) below and define the maximal 
operator Mj by Mjf(x) = snp t£E \A J t f(x)\. Then the estimates in [12] show that for 1 < q < 2 the 

operator Mj is bounded on L q with norm 0(2^ d 1 ^« 7 _5_ ' > ) and the argument in [1] shows the restricted 
weak type estimate. The argument fails for p = d = 2 and in fact the question whether the full circular 
maximal function is of restricted weak type (2,2) (i.e. maps L 21 to L 2, °°) had been posed in [16]. We note 
that Leckband [7] proved that for radial functions one has indeed L 2 ^ d — > L 2 '°° boundedness. However a 
Bcsicovitch set construction can be used to disprove the restricted weak type (2,2) inequality for general 
functions. The argument (see §8 below) shows 

Proposition 1.5. Suppose d = 2 and 

sup sup N(E k ,2 k S)SlogS- 1 = oo. 

fe>0 5<1/W 

Then Me is not of restricted weak type (2, 2). 

Structure of the paper: In §2 we shall review some essentially known estimates for spherical means 
which are needed later. In §3 we shall review atomic decompositions in L p . §4 contains a proof of the L p 
estimates as stated in Proposition 1.2 and Theorem I. The weak type (p,p) inequalities (Theorem II) are 
proved in §5. The necessary modifications for the proofs of Theorem III and IV are discussed in §6 and §7, 
respectively. In §8 we discuss some examples and include the proof of Proposition 1.5. 



2. Estimates on spherical means 

We shall need to introduce regularizations of At in (1.1) via dyadic frequency cutoffs. Let 0o be 
a radial C °° function so that O (O = 1 if |£| < 1 and /3b (0 = if |£| > 2. For j = 1,2,... let 
= o (2- j O - /3o(2 1 " j e) and define A\ by 

(2.i) ATm = Mto0M)m 

so that 



£-4 



3=0 
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Let (3 be a radial C§° function which is supported where 2 6 < |£| < 2 6 and equal to 1 when 2 5 < 
|£| < 2 5 . Let P 1 / be defined by P*f (£) = /3(2^£)/(£) and observe that 

(2.2) A{f = AiP j - k f if teE k . 

Clearly the maximal function sup t>0 |^/(x)| is dominated by CjMnhf[x) where Mhl is the Hardy- 
Littlewood maximal function of /; in fact Cj — 0(23) ( c f Lemma 2.1 below). Therefore 

(2.3) M E f(x) < M HL f(x) + sup sup | V MPj-kf{x% 

kezteE>* j> 10 

and throughout this paper we shall assume that summations in j are extended over j > 10. 

Here we collect well known estimates on spherical means and its regularization A\ which were used in 
this or a related form in previous papers (in particular see [12] for some of the more technical statements). 

Lemma 2.1. Let A\ be as above and let Bf = ^- t A\. Suppose that 2 fe < t < 2 k+1 , j > 10 and that 
1 < P < 2. 

(i) 

\4m\ + 2-H\B>f{x)\ < c M v J (1 + 2J| ^_ 1|)M \M\dv 

(ii) 

11^11^^+2^115111^^, < 2-^ d - 1 )/f'. 
(Hi) Let L C [2 k - 1 , 2 k+2 } be an interval of length 2 k ~i . Then 

||su P |^7||| LP <2-^- 1 )/"'||/|| L ,. 
tei 



Sketch of Proof . (i) is a straightforward calculation, which also implies (ii) for p = 1. It is well known that 
~ (1 + |£|)~( d_1 )/ 2 and thus (ii) for p — 2 follows, and interpolation settles the case 1 < p < 2. (iii) 
follows by writing A{ = A{ + f* B 3 s ds for to £ I. 

Definition. For a set £ of dilations and L e Z, let 3l{£) be a minimal collection of dyadic intervals of 
length 2 L covering £. For / <G 3l(£) let rj denote the midpoint of the interval /, and for a dyadic cube Q, 
let 2 L ( < 2) denote its sidelength. Then for r] > 1, we define 

(2.4) V Qiri (S)= (J {xeR d : \\x - x Q \ - n\ <2 L ^ +i V }; 

ie3 L(Q) (S) 

for rj — 1 we also write Vq(£) — Vq^(£). 

Lemma 2.2. Let £ C [2 fe ,2 fc+1 ]. 

(i) Forl<p<2, 

||sup|^/||| iP < [7V(£,2 fc ^)] 1 /P2-^ d - 1 )/f'||/|| LP . 

(ii) Let Q be a dyadic cube, let /q be an L 2 function supported on Q and suppose k—j < L(Q) < k— 10. 
Then 

IIsupI^/qII^,^^^ < 2(- i ^)+ fc -^( d - 1 )/ 2 A^(f,2 fc -^)2^(^ d / 2 || /Q || i2 . 
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(iii) Let Q be a collection of pairwise disjoint cubes of sidelength 2 k • 7+<T where a > 0. Then for a < j, 

QeQ 



SU P |4[£/q]| <2-^- 1 )(VP-V2)^ (f)2 fe-i )] l/ P2 -i(rf-l)/pY^|Q|l- P /2|| / ||P V 

tee QeQ 



(iv) Let Q be as in (Hi) and let V be an open set containing Uqgq ^Q,v(^)- Then, for T]>1, 

, VP 



te£ QeQ 



< 



Li>(R d \V) 



QeQ 



(v) The estimates in (i), (ii), (Hi) and (iv) remain valid if for t € £ the operator A 3 t is replaced by 

Sketch of Proof, (i) is a rather straightforward consequence of Lemma 2.1, (iii). To prove (ii) we use 
Cauchy-Schwarz to pass from an L 1 estimate on the exceptional set Vq{£) to an L? estimate (namely 
Lemma 2.1 (ii) with p = 2), and for the estimate off the exceptional set we use the explicit form (2.4). (iv) 
for p = 2 is a consequence of (i), and (iv) for p = 1 follows from the explicit form of the kernel in Lemma 
2.1 (i). The general case is obtained by interpolation, (iii) for p = 2 is a consequence of (i), and (iii) for 
p = 1 follows from (ii) and (iv). The general case is obtained by interpolation. □ 

A small variant is 

Lemma 2.3. Let J C [2 fc ,2 fc+1 ] be an equally spaced set with width 2 fc_M (here /x > 0) and possible 
deviation B, and let aj < bj be the endpoints of J. Suppose that bj — aj > 2 k ~i and /x > j. Then the 
following statements hold. 



ft) 



sup 1.4/1 < C B A^(J,2 fe -' i ) 1 / p 2-^ <i - 1 )/ p '2^-^/ p ||/|| LI >. 



teJ 



L" 



(ii) Let Q be a collection of pairwise disjoint cubes of sidelength 2 k where a > 0. Then for a < j, 

QeQ 



sup|4[^ / Q ]| < C B 2-^ d - 1 ^P- 1 ^caid(J) 1 /P2-^ d - 1 ^P'2^-^/P ( ]T IQI^^H/oll^) ' 
teJ QeQ ' 



(iii) Let Q be as in (ii) and let V be an open set containing [Jq^q Vq^(8). Then, for n > 1, 
sup|4[£ f Q }\ < C B . M (2^)- M (f- 1 )card(J) 1 /P2^^)^2-^ d - 1 )/f'( ]T \\f Q f LP 

^ t 1 1 LP(R d \V) v ' 



teJ 



QeQ 



QeQ 



i/p 



Proof. We simply observe that if bj — a,j > 2 k J then 

(2.5) N(J, 2 k -i) w 2 j ~'*N(J, 2 k -») w 2- 7 ~ M card(J) 



and the conclusions (i)-(iii) follow from Lemma 2.2. □ 
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3. Atomic decompositions 



We give a decomposition of the maximal operator and also the function it acts on; this is motivated 
by one of the proofs of the standard atomic decomposition (following [3], [9]) based on square functions; 
used for example in the theory of Hardy spaces on product domains. 

For c = lOVd let 

N k f{x) = sup \P k f(x + y)\ 

\y\<c 2- k 

and define the maximal square function 

00 1/2 

Wr) = ( E w k m\ 2 ) ; 

k— — oo 

then 

(3.1) W/\\lp ~p ll/Hi», Kp<oo, 

Consider the level sets f2„ = {x : N f(x) > 2™} and the expanded sets Q n = {x : MhlXsi(x) > 1/2}; 
here Mhl is the Hardy-Littlewood maximal function. Then |f2„| < C|f2 n |. Let 91 denote the family of all 
dyadic cubes and let 9t„, for n £ Z, denote the collection of all dyadic cubes R with the property that 
\RC\ Q n \ > \R\/2 but \R(~) Q n +i\ < \R\/2. Then from these definitions one easily deduces 

oo 

(3.2) £ \\(P k f)xR\\h<2 2n \n n \ 

fe=-oo fl(EDi„ 
L{R) = -k 

(see for example Lemma 3.1 in [9]). 

Let e R = (P l ,f)xn, if L(R) = -I. Then from (2.2) we have 

(3.3) A{f = Aipi- k f = Ail e «] 

L(R) = k-j 

if t e 

Now f2„ is an open set with finite measure and we can form the Whitney-decomposition into dyadic 
cubes. Let 2U„ be the set of Whitney cubes and observe that every R £ fH„ is contained in a unique 
Whitney-cube Q(R). This defines a function R Q{R) for all dyadic cubes. 

For a dyadic cube Q we define now 

(3-4) F l Q (f)= ]T e R . 

Q(R)=Q 

L(R)=-l 

Notice that F l Q = if -/ > L(Q). 

^From (2.3) and (3.3), we have the pointwise estimate 

(3.5) Me fix) < M HL f(x) + sup sup £ \a{[ £ F^ k (f)](x) . 

keZteEK^* L{Q) > k -j 

It is useful to introduce a space X p of vector-valued functions as follows. 
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Definition. Let X p be the space of vector- valued functions F = (Fq) where the dyadic cubes Q satisfy 
L(Q) + I > 0, Fq is supported on Q, and 



(3-6) ll^lk«» = (^|Q| 1 - p/2 ( E ||^||| 2 

Q l:L(Q)+l>0 



I „2 \P/^ 1/P 



is finite. 

We first observe 
Lemma 3.1. For 1 < p < 2, 



\\F(f)\\x* < Wf\\ LP - 

Proof. We write 

nn/)ii^ = (EM" p/2 ( E I E e ^ 



£:L(Q)+e>0 Q(R)=Q 
L{R) = -l 



2 X p/2 x l/p 
L 2 / 



<(Em^ /2 ( E E E 



. ,P/2\l/p 



'£:L(Q)+£>0 n Rem 

Q(R)=Q 
L(R)=-e 

Now we use the imbedding £ p C I 2 for p < 2 to estimate the last expression by 

v P/2\ 1/P 



(Em^ /2 E( E E iMiiO ) 

Q n £:L(Q)+£>0 fl£!H„ 

Q(i?)=C 
L(ii)=- 

<(E E iQi^i E n^i 



l| 2 



p/2n l/p 



" QG2H„ HeK„ 
Q(fl)=Q 



and by (3.2) and several applications of Holder's inequality this in turn is estimated by 

,P/2\ 1/P 



(E( E ioir p/2 (E E lie* 

n QG2H„ Q i?G9t„ 

Q{R)=Q 

<(Ei^i" p/2 ( 22 "i^D p/2 ) 1/P 

n 

<(El^|2" p ) 1/P <l|AA/|| iP . 

n 

This proves the Lemma. □ 

We now return to estimate the second term on the right of (3.5). The part where the sum extends over 
cubes Q with L(Q) < k is the most difficult to handle. In the following lemma we shall first dispose of the 
remaining part which is dealt with by straightforward L 2 estimates. 
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Lemma 3.2. Let 1 < p < 2, e > and suppose that 

supN(E k ,2 k 5) 1 / 2 6( d - 1 - £ V 2 < A. 
k 

Let {xq,i} be a family of measurable functions so that 
(3.7) 



and define 
(3.8) 



sup II IXQ,/IU 2 < 1 
1 Q 



WjF(x) = sup sup A{\ Y, XQ,kF J Q k ]{x) 
kezteE* L(Q) > fc 



Then 

(3.9) \\%F\\ LP < C2- £j A\\F\\ XP 

where C is independent of the choice of the particular family {xQ,k} ■ 

Proof. We shall verify (3.9) for p = 1 and for p = 2; the general case follows by interpolation. 



For p = 2 we replace the sup in k by a square function and use Lemma 2.2 (i) to obtain 

2 N l/2 
L 2 / 



\m 



F|| i2 <(V|supK[ Y X Q , k F^ k ] ) 

L(Q)>k 

<CA2--(Y\\ E X^tfj 



2 s 1/2 



L(Q)>k 



< CA2 



£j (E E 



F 



j-k 



k Q: 
L(Q)>k 



2 J/2 
L 2 ) 



where for the last inequality we have used the assumption on the family {xq,z}- This proves (3.9) for p = 2. 

Now consider the case p = 1. Given a cube Q we let Q* denote the cube with same center but tenfold 
sidelength. We then estimate (following standard procedure in estimations of singular integrals acting on 
atoms) 

Q 



where 



sup sup \Al[xQ,kF° Q fe ]|| L i (Qt) 

k t£E k ' 



SUP SUP |^[XQ,fci% lUiifR^Q*) 
k t£E k ' v x ' 



Now for /q we use the Cauchy-Schwarz inequality and the L? estimate above to deduce that 

'Q<IQ| 1/2 ||sup sup \Al[ XQ .kF ] Q k ]\\ L2 



k teE k 



<CA2-^\Q\^(YW F Q k \Q 



1/2 
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For IIq we use Lemma 2.1 (i). In that formula we use that if y e Q, x e Q* , L(Q) > k, t < 2 k+1 then 
|*— 1 |rc - y| - 1| w i _1 |a; - y\ and thus for M > d > 2 

n Q<* E / 2 fe ( M - d )2-^ M / |z- 2/1^1^(^)1^ 

< 2 i(l-M) ^ 2 ( fe -L(Q))(M- d )| |F ^fe| |ii(g) 
fe<L(Q) 

<2^-M)|g|i/ 2 (^|| F ^|| i2 ) 1/2 . 

fe 

Now M can be chosen to be > 1 + e and we obtain that ^2q(Iq + IIq) is bounded by CA2~ £J ||.F||xi , thus 
proving (3.9) for p = 1. □ 

For the remainder of the paper we will only have to deal with the part in (3.5) dealing with the 
contribution k > L{Q). Define for a positive integer a 

(3.10) 9JU^(x) = sup sup \Y,M[ E F Q k ]{*) 

k teEk j>a Q: 

L(Q)=k- 3 +a 

Our main reduction in this section is 

Proposition 3.3. Let 1 < p < 2, suppose that hypothesis (C Pi00 ) is satisfied and suppose that for some 
£o > the inequality 

(3.10) \\WlvF\\ LP , q < C 2-^\\F\\ XP 

holds for all compactly supported F (meaning that Fq vanishes for all but finitely many I and Q). Then 
there is c(p, So) > so that 

\\M E f\\LP« <c(p,e Q )C Q \\f\\ LP 

for all f eLP( 



Proof. Let F l Q {f) be as in (3.4). For a = 1, 2, , . . . define F^ 1] (f) by [F^fgif) = F l Q {f) if L(Q) = a - I 
and [F^} l Q (f) = if L(Q) ^ a - I. For j > 10 define [F^ 2) ] l Q (f) = F^\f) if L(Q) > -I and zero 
otherwise and let Xq i be the characteristic function of U„ e z U {R : R € £R n , L(R) = — I — j, Q(R) = Q}. 
Then for every fixed j condition (3.7) is satisfied for the family {xq ;}• 
^From (3.5) we get 

M E f(x) < M HL f(x) + J2<m a [FW(f)](x)+ E %[Ff{f)]{x). 

<T>0 j>10 

Note that it follows from Lemma 3.1 and (3.1) that \\F^\f)\\ XP < C p \\f\\ p and \\F^ 2) (f)\\ XP < C p \\f\\ p for 
1 < P < 2, uniformly in a and j. ^.Frorn hypothesis (C p ,oo) it follows that the assumption of Lemma 3.2 
holds with e = (d — 1)(2 — p) which is positive since we are assuming p < 2. Thus 



E w (2) (/)i rpq < E 2- ej 'iiff < lu ii„ 



LP-i 

j>10 j>10 



By our assumption we also have 



E^[^ 1} (/)] T ^E^II^^II^^II/IIp 

* * T V-Q < * 



LP, Q 

(T>0 (T>0 

and the proposition is proved. □ 
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4. L p estimates 

We shall use Proposition 3.3 and in order to prove L p estimates we have to verify the X p — ► L p estimate 
for DJl a in (3.10). We shall first prove Proposition 1.2 where no regularity assumption is needed. 

We shall also use the following definitions. 
(4-1) Gl(F)= J2 F Q 

Q:L{Q) = -l+a 

and let G a (F) — {G l a (F)}i e z be the corresponding vector valued analogue. 
Proposition 4.1. Suppose that 1 < p < 2 and suppose that ^^w^ < 1. Let 

(4.2) \j. k = N(E k , 2 fe -J) 1 /p 2 - J ( d - 1 )/p' '. 

Then 

OO ^ I 

\\m a F\\ Lr < 2-C-1XVP-V2) sup ( ^ | Wn |^ >I+n ) ||F|| XP . 

£ n 



t£E k 



Proof. We estimate using Holder's inequality 

sup \AiG^{F)\ p j' ' 

j=W 

By Lemma 2.2 (hi) the L p norm of this expression is estimated as 

i/p 

Qr v "\\*Q~Tv) 

k J L(Q)=k-j+o 

< 2-(-- i )(vp-v») ( ^ e h- W) + ,-.] p iQr- p/2 n^- L(Q) ir L2 ) 1/: 

Q J 

i/p 



< 2 - CT(d -i)(i/ P -i/ 2 )^ ^ en w p iQr- p/2 ii^ll^)"' 

« Q:L{Q)=a-l j 

< 2 -a(d-l)(l/p-l/2)|| F |, p _ n 



Proof of Proposition 1.2. Immediate from Propositions 3.3 and 4.1 when 1 < p < 2. The case p = 2 
(and hence d = 2) follows as in the proof of Proposition 4.1 where now we treat the whole operator Me- 

We now turn to the proof of the 

L p estimates under the regularity hypothesis. For the remainder of this section we shall fix a choice 
of J k , J k as in the definition of regularity assumption (1Z P ). 
Let a be a positive integer. Let 

(4.3) RaF(x) = sup sup sup E MGi~ k (F)(x) 
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and, for m > 



(4.4) 



S m .aF{x) = sup sup sup sup A? +m GZ +m - k {F)(x 



Next let 



(4.5) 

Thus 
(4.6) 



k A» : ]Gl k t€ J 



M a F(x) = supsup sup sup I V A{G j - k {F)(x)\. 

bj-a.,>2 k -i 



m a F{x) < R a F(x) + S m , a F(x) + M a F(x). 



Finally, for I > 0, let 
(4.7) 

and define 
(4.8) 

so that 
(4.9) 



J k / = {JeJ k :b ; - a j > 2 k -^+ 1 } 



Mi M F(x) = sup sup sup sup\A%~ e G£- t - k {F)(x)\ 
k n>e+a JeJ y teJ 



M a F(x)<^M iia F(x). 



The claim in Theorem I will be a consequence of the following Propositions 4.2, 4.3, 4.4, in conjunction 
with Proposition 3.3. 

The following result is essentially Proposition 4.1 applied to the set of 'endpoints', i.e. \J^T) k . 

Proposition 4.2. Suppose that 1 < p < 2 and E satisfies the regularity hypothesis (1Z P ), and let T> k be as 
in (1.9). Assume that {oj^ 1 } *= ^ p w ^ norm < 1. Then 

(4.10) ll^^lli^ < 2- CT(d - 1)(1/p - 1/2 > sup (^[^ i A^(Z? J+z ,2 z ) 1/p 2~- 7(d - 1)/p '] p ) 1/P ||^||^ I >. 

1 i>o 



Proof. Using Holder's inequality as above (with {ui n *} e l v ) we may estimate 

i/p 



R„F(x)<(J2J2^ sup sup \AlGi- k F(x)Y>) 



k j>a 



bj-a.,<2 



k-j 



Now if for fixed j, k we let £ = U j eJk . bj _ aj < 2 k-j J then N(£,2 k -^>) < 7V(X> fc ,2 fc ^'). Hence by Lemma 2.2 



\R«F\\ LP < EE%1 SU P sup|^Gr fc (F)| 



v \ i/p 

Lp/ 



bj-aj<2 



k-j 



< 2 - CT ( d -i)(i/ p -i/2)^^ w P 7V(:D fe )2 fe- j)2 - J -(d-i) P / P ' ^2 \Q\^ p/2 \\F^ k \\ P L2 ) 

k j L(Q)=k-j+a 

and from here on the proof goes exactly as for Proposition 4.1. □ 
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i/p 



Proposition 4.3. For 1 < p < 2 

(4.11) \\S m , a F\\ LP < 2- m ( d - 1 )/p'2- cr ( d - 1 ^ 1 / p - 1 / 2 ^ sup A r ( J E- 7+/ , 2 ; )2-- 7 ^- 1 > p / p ') 1/?> 1 1 | ^ P . 



]>0 



Proof. We have (using Lemma 2.2 (iii) for the sets J & J* and noting N(J, 2 k >* m ) w card( J)) 

iiwiu p <||(E E [- P i^ +m E ^ +m - fc i] p ) 1/P 



fc >^ J£j fc L(Q)=k-n-m+a 



L" 



< ^ [2" <T(d " 1)(1/p " 1/2) 2"^ +m)(d " 1)/p 'card(J) 1/p ] p 



L(Q)=k— (j,—m-\-a 

Now by (1.10) the latter expression is estimated by 2-< T ( d - 1 )( 1 /p-i/2) 2 -™(<i-i)/p' times the quantity 

k,n L(Q)=k-fi-m+a 

which is bounded by 

su P {^iv(i : ;^,2 £ )2-^- 1 ^'} 1/P (E E \Q\^ p/2 \\ f q~ 1 \\1-) 1/P ■ 

1 P I L(Q)=l-m+a 

This gives the claimed estimate. □ 
Proposition 4.4. Suppose that 

sup 

k j>o 

Then for 1 < p < 2 we have the inequality 

(4.12) \\M e ^F\\ LP < c 1 2- CT ( d - 1 )( 1 /p-i/2)2-^(i-d/p')|| j p|| XP . 

Proof. This is a small (but crucial) variation of the proof of Proposition 4.3. We have by Lemma 2.3 part 
(ii), 

imi-<(EE E h^r e G^- k (F)\\\ p LP ) 1/p 

< 2 -<7(d-l)(l/p-l/2) x 

(EE E card(J)2-(-)(- 1 W P '2- E IQ^WF^'X^ ^ 

k H>i Je j^ e Q:L(Q)=a-fi+i+k 

and this expression by (1.10) is controlled by 2~^ 1 ~ d//p ')2~ <J ( d ~ 1 )( 1 / p ~ 1/ ' 2 ) times the expression 
(E E \Q\ 1 - p/2 \\F Q n - l \\l^N{E n+ ^,2 n )^ tl{d ' 1)p/p ') 1 ' P 

n Q:L(Q)=a+n+l fj,>£ 

which is 

< sup ( E N{E n+>i , 2 n )2-^ d - 1 ^'A 1 P \\F\\xp- 



Thus (4.12) follows. □ 



Proof of Theorem I. Immediate by Propositions 3.3, 4.2, 4.3 and 4.4. 
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5. Weak type (p, p) estimates 

In this section we shall mostly assume that p < d/(d — 1) and 

(5.1) snpsupN(E k ,2 k - j ) 1 / p 2- j ^- 1 ^ p ' < C . 

k j>0 

Some statements however will extend to the limiting case p = d/(d — 1). 

The proof of Theorem II follows from Proposition 3.3, (4.6), (4.9), Proposition 4.2 and estimates for 
the operators S TOjCr and Mf j(T , stated in the following Propositions 5.1 and 5.2. 

Proposition 5.1. Let S m ^F be as in (4-4)- Suppose that 1 < p < d/(d— 1) if d = 3, and 1 < p < 

d/(d— 1) = 2 if d = 2, and assume that (5.1) is valid. Then there is e = e{p) > so that for all a, m > 

(5.2) ||5 m , (T F|| i p.co <2-<"^\\F\\ xv . 

Proposition 5.2. Let M( t(T F be as in (4-8). Suppose that 1 < p < d/(d— 1) and that (5.1) holds. Then 
there is e — e(p) > so that for a, I > 

(5.3) \\Me, a F\\ LP ,oo <2-«° +t >\\F\\ XP . 

Proof of Proposition 5.1. We have to show that for every a > 

(5.4) mcas({x : \S m ^F(x)\ > 3a}) < 2-^ m+ ^ p a - p \\F\\ p XP . 
Now fix a > and let 

(5-5) c q = |Q|Vp-V2( £ ll^Hi,) 172 ; 

l:L(Q)+l>a 

so that X] c g = I^IIxp- Fix a small e > to be chosen later. We divide up the dyadic cubes into two 
families; 

(5.6) G = {Q: c£j±| < 2^ +m ^ p a p }, 

and complementary family T, so that {Q} = G UT and Q n T = 0. Define 

5(F) - {4}l ( q)+;>o 

- {F l Q } L{Q)+l> ». 
Qer 

For S mia Q(F) we use a straightforward L 2 estimate. ^From Lemma 2.2 (iii) (with £ = J £ J k ), (1-10) 
and (5.1) we deduce 



i^(f)||| 2 <||(x: E E M^ +m \ E K +m ~ k W 2 ) 

k p>0: Je>7 fe * eJ Qeg 

oj—aj^>z ^ 



1/2 



2 



L 2 



<E E N(E k ,2 k -^)2-^ +m)(d - 1) E H F ( 
k m>0: Qeg 

H>o-m L(Q)=k—fl—m+cr 



fi+m— k\\2 
II L 2 



(5.7) <2- m(d - 1} E E 2-^ d - 1){2 ~ p) E \\ F Q +m ~ k \\l 2 - 



k M>0: Qee 

H>a—m L(Q)=k— iM—m+a 
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^From (5.5) and (5.6) we have for Q e Q 

(5.8) ll^ +m " fe ||^ < c Q /|Q| 1/p - 1/2 < 2 e °^ +m ^\Q\^ 2 a. 

By Cebysev's inequality and (5.7), (5.8) we obtain 

meas({a; : \S mttT G(F)(x)\ > a}) 
<a-*\\S m , a g(F)\\l 2 

< a -22-m(d-l) ^ 2 _ ^( d_1 )( 2_ P) \^ II^Q +m_fc || P 2 \\FQ +m ~ k \\ 2 ^2 P 

k m>0: Qes 

H>a—m L(Q)=k—n-m+a 
< a -p 2 e <TV-p) 2 - m [(d-l)-z {2-p)]^ ^ 2^ (d - 1)(2 - p) Y IO| 1_P/2 || F Q _i(Q) ||L2 

k m>0: Qeg 

fi>a—m 

(5.9) <a- p 2- £<T 2- £m ||F||^ p 

for some e > if £o > is small enough. 

We now concentrate on the family T of dyadic cubes which do not belong to Q. Define 

(5.10) A(Q, t) = A a ^ m (Q, t) := 2 { ' J+m ^ p a p 2 T{d - 1 ^2 L(Q) ^- i 7 L]p - 

note that r ^ A(Q,t) defines an increasing unbounded sequence for r > L{Q) and in particular 

(5.11) A(Q, L(Q)) = 2 (cT+m ^P a P\Q\ 
so that for every Q e T, (? Q > A(Q, L(Q)). 

Definition. For every Q E T we define t(Q) to be the smallest integer r > L(Q) so that A(Q,t) > Cq. 
For each Q e T we then define k(Q,-f) = (L(Q) + jt(Q))/(j + 1) and 

(5.12) W(Q)= |J (J {seM d : llx-xgl-r/j <2 i W)+ 4 2( T ( c ?)- fe )^} 

fc(Q, 7 )<*;<T(Q) /e3 L(Q) (£ fc ) 

where 7 < (d — l)p and note that 

meas(^(g))< ^ N ^k ^k-(k-L(Q))- )2 L(Q) + k(d-l) 2 (r(Q)-k) 7 
k<r(Q) 

< 2 (T(Q) " fc)7 2 (fc_i(Q)) '7 ip 2 i(Q)+fe(d " 1) 

fe<r(Q) 

(5.13) < 2 -«)('i-i)P2 L(Q)[ ^T 7i]p . 
Let 

W = (J ({a; e K d : |a: - arej| < 2 fe W^)+ 4 } U W(Q)). 
Qer 

By (5.10), (5.13) and the definition of t(Q) 

meas(>V) < ^ [2 fe «^) d + meas(T^(Q))] < 2 T ^( <i - 1 ) p 2 i(Q)[ ^^ lp 
Qer 

<J22-^+ m ^P a -PA(Q,T(Q)) 
Qer 

< 2 -(<T+m)e P a -P ^ C P < 2-( ff + m ) e °Pa- p ||^llxp- 

Qer 
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It remains to be shown that 

(5.14) meas({.x $ W : S m><r (B(F)) > 2a}) < 2- ( °+ m ^Pa-P\\F\\ p XP . 
We split S m , a (B(F)) = EZ-oo^ where 

7 s =sup sup sup sup|^ +m [ F^ +m ' k }\. 

k /i+m-cr>raax{s,0} J€J7^ tEJ QeT 

b.,-aj>2 k -"- m L(Q)=k-n-m+a 

T (Q)=k-s 

We shall prove 

(5.15) \\I S \\ 2 L 2 < 2" s(d " 1)(2 " p) 2 _,T(2_p)(d_1_eo) 2 _ " l[(d_1)(p_1)_£o(2_p)1 Q! 2_p ||F||^ p , s > 0, 
and 

(5.16) IWI P W w) < CM2- M ^l^( 2 ^2-^- 1 )(f- 1 )||Ff XP , s < 0. 
Note that for e > small enough inequalities (5.15) and (5.16) imply (5.14) since 

meas({x g W : S m . rT (B(F)) > 2a}) 

|| A. || L2 || ll^^w) 

(5.17) <2-^+ m )f a -f||^||^ p 
for suitable e = e(p) > 0. 

Proof of (5.15). We use Lemma 2.2 (hi) for £ = J e J* (1.10) and (5.1) to obtain 



-An ||2 



iwi£ a < E l|su P A M+m [ E F <T 

fe l( u,J * eJ Qer 

r(Q)=fe-s 
L(Q)=k—ti—m-\-(j 

< ]T card(J)2-^+™)( d - 1 ) ^ ll^ +m - fe |li 2 
fc./j.j Qer 

T (Q)=k-s 
L(Q)=k—^l—m.+(7 

< 2-"»(rf-!) 2 _Ai ( d_1 ^ 2_p ^ ||i 7lM+ " l_ ' c |||2 

fc,M Qer 

r(Q)=fc-s 
L(Q)= k — /j.— m+CT 

As = t(Q) + s and = t(Q) — L(<3) + s + a — m this inequality can be rewritten as 

(5.18) \\I S \\ 2 L 2 < 2~ m(d ~ :L) Y 2 (T(Q) ~ i(Q)+s+a ~ m)(d ~ 1)(p ~ 2) ||i^~ L(Q) ||| 2 . 

Qer 

Now we use that for Q e T 

^ F „-L(Q)^- P < (cq|q| i/ p -1/ 2)2 - p < (2-'i(Vp-l/2)i(Q) J 4(Q )T (Q))) 2 -f 



< 



a2 s (a+m) 2 (d-iMQ) 2 L(Q)(±-^-d(.i-±))j 2 P 
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and combine this with (5.18) to obtain after a little algebra 

||7 S ||| 2 < 2 m (( <i - 1 )( 1 -P)+ £ "( 2 -p))2"' j(d " 1 " £o)(2 " p) 2 _s(d_1)(2_p) Q; 2_p ^2 |Q| x — f / 2 H^Fq ll^a 

Q 

which is the desired bound. 

Proof of (5.16). We use the estimate away from the exceptional set in Lemma 2.2 (iv), with r\ = 2^ 
(7 < (d - 1» and s = k- t(Q). Then 

ll^llz,p(R<i\VV) ~ II SU P^f + [ J! F Q + ] IIlp(R<»\W) 

k,n teJ r(Q)=fe-s 

L{Q)— k— fx— m+a 

< V" iV(£; fe , 2 fc_Ai )2 _(M+m)(d_1)p/ ' p '2 _( ' T+7|;s|)M(2 ~ p) V" IQI 1 ~ p/2 II^Q +m ~ fc llz / 2 

k,n r(Q)=fe— s 

L(Q) — k — fi — m+cr 

< 2- m ( d - 1 )p/p'2 _<TM ( 2_ P)2 _ ' s ' 7 ' 2_p ^||F|| P YP . □ 



Proof of Proposition 5.2. 

This is similar to the proof of Proposition 5.1. We have to show that for every a > 

(5.19) meas({x : \M e , a F(x)\ > 3a}) < 2- £< - l+ ^ p a - p \\F\\ p XP . 

We indicate the changes in the proof of Proposition 5.1. Of course we systematically replace S m . a by 
Mi^ a . The definition (5.6) is the same except that 2 e ° mp has to be replaced by 2 £ °^ p ; then the arguments 
up to (5.9) are similar; we have to use Lemma 2.3 (ii) instead of Lemma 2.2 (hi). Similarly the definition 
(5.10) is changed to 

A(Q,t) = A a>(Tt i(Q, t) := 2( ff+£ ) £op a p 2 T ( d - 1 ) p 2 L(Q)[ ^^ Ip ; 

and the further arguments up to (5.14) have obvious analogues. In the definition of A(Q, r) we shall need 
to take e so that e (2 — p) < 1 — (d — l)(p — 1) which is possible since p < d/(d— 1). 

We then split M l<a {B{F)) = £ II. where 

II, = sup sup sup sup\Ar e G^-/- k (F)\ 

k p.>£+ a JeJ k,i teJ 

( 5 - 2 °) and := ]T F^ . 

Q:L(Q)=k-tj,+t+a 
T {Q)=k-s 

The inequalities (5.15) and (5.16) are replaced by 

(5.21) ||^ s |||2 < 2- s ^- 1 )( 2 -P)2- CT ( 2 -P)( d - 1 - £0 >2- £ [( 1 -^- 1 )^- 1 ))- £ ^ 2 -P>]o 2 -P||i^||5, p , s>0, 
and 

(5.22) II^III^w) < 2-^ 1 -F) p 2- s ( d - 1 )( 1 - p / 2 )2-( CT +l^) Mp a 2 - p ||^|| p , p , a < 0, 

from which we can as before conclude the assertion of the proposition. 
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Proof of (5.21) and (5.22). We prove (5.21) and use Lemma 2.3 to estimate 



ira| 2 <EE E hMAr l G^- k { F )\\ 2 L2 

k Je<7 *.« teJ 

<E E E card(J)2-(^)( rf - 2 )2^ E W^Wh 
k n>£+<7 j e j k . e Qer 

" L(Q)=fc- A j+£+<j 

r(Q)=fe-s 

Now Y,j eJ w cardJ < iV(^ fc , 2 fc -^) < 2^- 1 )(p- 1 ) by assumption (1.10) and (C P)00 ). We also observe that 
/i = r(Q) — L(Q) + s + a + £ in the above sum and thus we obtain 

ii// s ii^2 < 2 i{d ~ 2) e E 2 Ai(d ~ i)(p ~ 2) e iiF^~ fe n 2 



Q Hi 2 

Z,(Q)=fe- A j+£+<j 

T(Q)=fc-S 

< 2 <(d-2) ^ ||_pCT-L(Q)||2 2 2(r(Q)-i(Q)+s+<7+<)(d-l 

Qer 

r(0)-i(Q)>-s 



)(P"2) 



Now as before ||Fg _L(Q) || 2 7 P < [a^^+W- 1 )^^ ^- V- d (M»] 2 p and after doing the algebra 
we arrive at 

||7/ s ||2 < a 2-P2K{d-l)p-d+e a (2-p)) 2 -a(d-l-e a )(2-p) 2 -s(d-l)(2-p) ^ | q | l-p/2 1 1 pO-L(Q) 1 1 ^ 

Qer 

which is what we were aiming for. 

Similarly, the proof of (5.22) is analogous to the proof of (5.16). □ 

6. L p estimates in the limiting case 

We assume throughout this section that that the regularity condition (7Z Pd ), pd = d/(d— 1), is satisfied. 
We first give a reformulation of the Carleson-measure condition. 

Lemma 6.1. Suppose that the Carleson measure condition (C Pd ) holds. Then the measure 

EE^ E card(J)2^(l + M )^ 

feeZM>o jej* 

is also a Carleson measure. 
Proof. We first observe that 

N(E k ,2 k -3)2 k - ] w \{t e [2 fe ,2 fc+1 ) : dist(i,£; fc ) < 2 fe ^'}| 

and thus 

(6.1) N(E k ,2 k - : >)2- 3 < CN{E k 1 2 k - 3 ')2- 3 ' if / < j. 
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Let I be an interval of length > 1 and I* the interval with same midpoint and double length. Then 

E E card(J)2^(l + M ) d /( d - 1 ) 
(fc,M)er(j) JeJH 

l+log 2 |/| 

<E E 2"' /(,, - 1) E 2--E card ( J ) 

fee/ s=0 2 s -!<Ai<2 s J€j* 

l+log 2 |/| 

~E E 2 sd l {d -VN{E k 1 2 k - 23 ~ 1 )2- r ~ 1 
fee/ s=o 

l+log 2 |/| 

-EE E ^V( J E fc ,2 fc -^)2-^(l + /i) 1 ' / ( d - 1 ) 

fee/ s=0 2=- 2 < A i<2=- 1 

< E JV (- B ' ! ' 2 fc -")2-' , (l + n) 1/id - 1) . 
(k,n)eT(i*) 

Here we have used the regularity assumption (1.11) for the second inequality and (6.1) for the third 
inequality. □ 

The following is an even more elementary observation. 

Lemma 6.2. Suppose that the Carleson measure condition (C Pd ) holds. Then 

(6.2) supE E card ( J )2~ M < C. 

Proof. Let I s (r) = {x : \x - r\ < 2 s }. Then 

OO 

E E card(J)2^<E2- sd/(d - 1) E E card ( J ) 2 '^ + tf'^ 



S E ^^TTMl E E card(J)2-"(l + rf/V-V 



s=0 '' S ^ (fe,M)€T(J s (r)) J£j* 

and the last expression is bounded by Lemma 6.1. □ 

The following Carleson-measure estimate is a standard consequence of the LP boundedness of the 
Hardy-Littlewood maximal operator, for the proof see [14, ch. II. 2]. 

Lemma 6.3. Suppose the doubly indexed nonnegative sequence {u>k,n, (k,ti) € Z x Z + } satisfies 

sup jiy E w ^ ^ AP 

l^ 1 171 (fc, M )er(7) 

i.e. Yl^k^Sk,^ is a Carleson measure. Then for {a^} G £ p , p > 1 

(E wfe 4iT7; S i a fe+ji] P ) 1/P < c p^(Ei afc i p 



- + « 

fe,M b'l<M fc 



We now turn to the 
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L 2 estimates in two dimensions. Wc are concerned with the L 2 (R 2 ) estimates in Theorem III. The 
claim is a consequence of the following estimates: 



(6.3) 

and, for m > 0, 
(6.4) 

and finally 
(6.5) 



sup sup sup I V A 3 t f\ 
M JeJ k teJ 

bj-aj>2 k -i 



< 



L' 2 



sup sup sup|^ +m /| <2-^ 2 \\f\\ L2 
k,n JeJ k te.J l 2 

bj- aj >2 k -»- m 



sup sup sup I V A\f\ 
k j e j k te.J 



< 



L- 



bj-aj<2 



k-j 



To prove (6.3) we use Lemma 2.3 to see that the left side is dominated by 

1/2 



E E [ E ii-p 

fc,|U JEJ* 3<H 
j— a, j 



K/IlM ) 



<(EE card(J)2^(l + A ,) 2 [ T l-^||P^ fe /|| L2 ] 2 ) 



fe,M JeJ k 

and by Lemma 6.3 and 6.1 the last expression is controlled by 



2 \ 1/2 



(Ell^/HiO 



1/2 



< 



|L 2 - 



fcGZ 



Concerning (6.4) we use Lemma 2.2 and bound the left side by 

I/ 2 



(E E ll-pK + "7lliy 

b.,-a.,>2 k - j 

< (E E 7V(J,2 fc - m -^)2-^ +m )||P^ +m - fc /|| 2 2 ) 



1/2 



<2-/2 sup (£ ^ card(J)2-) 1/2 (E 11^/11^) 



1/2 



and by Lemma 6.2 the last expression is < 2 m ^ 2 \\f\\L 2 - 

Finally (6.5) holds in view of the assumption (1.9); cf. the argument in the proof of Proposition 4.1. 
We shall not repeat the details. □ 
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X p estimates and the proof of Theorem III. We use a similar decomposition as in §4 however instead 
of considering the maximal operators M^ j(T we shall not decompose in £ and work with M a in (4.5) directly. 
We shall prove 

(6.6) \\M a F\\ LPd < 2-^ d ~ 1 ^P*- 1 /V\\F\\ XPd . 

This together with already proved estimates in §4 implies the statement of Theorem III. 

We argue as before and set a/ = (Ez,(Q)=<r-i \Q\ 1 ~ Pd,2 \\ F Q\\ P ]^) 1,Pd ■ Usin S Lemma 2.3 (ii) we get 

\\M a F\\ LPd <(EE E [ E \\™P\AtGi- k (F)\\\ LPd ] Pd ) 1/Pd 



k p JeJ k i<M 

b.,-aj>2 k -i 



<(EEE [ E 2- CT ( d - 1 )( 1 /^- 1 /2) car d(J) 1 / P , 2 -^a J _ 
k m JeJ* io<j<M 

By condition (C Pd ) and Lemma 6.3 and Lemma 6.1 wc obtain (6.6). □ 



Pd\ 1/Pd 



7. Weak type (p, p) estimates in the limiting case 

Throughout this section we shall assume that d > 3 and that the regularity assumption and condition 
(1.14) hold; thus 

(7.1) sup2- n N(E k ,2 k - n ) < C(n^rlogn) -1 

k 

uniformly in n > 10. We follow the proof of Theorem II in §5, using the same decompositions except we do 
not decompose M a in (4.5) further as in the proof of Theorem III. We recall that Proposition 5.1 remains 
valid for the limiting case p — pd if d > 3, under the weaker condition (C Pdt00 )- Therefore the claim in 
Theorem IV will be a consequence of 

Proposition 7.1. Let M a F be as in (4-5). Suppose (7.1) holds. Then there is an e > so that for all 
a, a > 0, 

(7.2) meas({x : M a F{x) > 3a}) < 2-^ a -^\\F\\ p x d Pd . 

Proof. As in §5 we fix e > and define G, T, A(Q,t), G{F), B{F) and W as before except we replace 
2 eo(<T+m) P with 2 ^p d _ In particular we have now for r > L(Q) 

A(Q, T ) 1/Pd = 2 a£o a2 T{d - 1) . 

We shall have to take e so that < e a (2 — p d ) < d — 2. 

For M a G(F) we use an L 2 estimate. From Lemma 2.3 (ii) and the regularity assumption (1.11), wc 
deduce 



\M a G(F)\\h <Y,Y, E ( E ii su p^'( E F Q k )\\^) 

k p>ct j<=jk a<j<n * eJ Qeg 

L(Q)=k- 3 +a 

<EE 2_M E card ( J )( E 2-^- 2 >/ 2 ( \\F° Q k \\h) 1/2 y 



k h><j jej'f v<j<n Qeg 

L(Q)=k- 3 +a 

< [su P 2-°N(E k ,2 k -n](Y,^ 3(d - 2)/2 (l>2 \\ F Q~ L(Q) Wh) 1/2 y 
k <y<j QeG 

<r-L(Q)\\2 



(7-3) <2^- 2 )^||^- L(Q) ||| 2 . 

Qeg 
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For Q e Q we have 



^-i(Q)| 



V < c Q /\Q\ 1/Pd ~ 1/2 < 2 £aa{2 - p ^\Q\ 1 ' 2 a 



and therefore by Cebysev's inequality and (7.3), 
meas({M (J (F) > a}) 

< a - 2 \\M a {F)\\h 

< 2 -^[(d-2)-eo(2-p £i )] Q ,-p ti ^ |Q| 1_Pd/2 ||i ;1 Q _L(Q) ||^2 

Q 

<2— a-^||F||^ 

for some e > 0. 

Furthermore the estimate for the measure of the exceptional set W in §5 is still valid. Therefore it 
remains to be shown that 

(7.4) mcas({x £ W : M a B(F)(x) > 3a}) < 2- £a a~ Pd \\F\\ Pd Pd 

for some e > 0. We may estimate 



M a B(F) < III + J2lV s + v > 



s=0 



where 



III = sup sup sup sup 



E M[ E FJ Q~ k ] 

<y<j<n Qer 

b,-aj>2 k - ] L(Q) = k-j+o 



IV S = sup sup sup sup 



E M[ E 



b,-a r >2 k -i L{Q)=k-j+cr 
T (Q) = k-s 



V s = sup sup sup sup 

k a <n<e B i^UeJ k teJ 



E M[ E F t k ] 

a<j<n Qer 

b,-a,>2 k - ] L(Q)=k-j+a 
T (Q)=k-s 



S >0, 



s < 0. 



Here we may choose < £i < (d — 2)/2. We then prove 

(7.5) <2-^- 1 )( 1 -^/ 2 )log(2 + a)||F||^ d , 

(7.6) ll-T^llis < 2- <T ( d - 2 - £ °( 2 - pd »2- ;s ( d - 2 - 2£l )a 2 - pd ||F||^ Pti , s > 0, 
(7 7) \\V \\ Pd < 2~ M ( 2 ~ J ' <i ^ cr+7 l s l)|l F\\ Pd s<n 

(7.4) follows from (7.5), (7.6) and (7.7) in the usual way. We remark that our assumption (1.14) is 
needed for (7.5). For the error terms (7.6), (7.7) we can get away with just the regularity hypothesis (1.11) 
and {C Pd>00 ). 

In the proof we shall use arguments that occur in the proof of Hardy's inequality (see [5]). 
Proof of (7.5). We further split III = J2 2 ">* HI n where 



1 1 I n = SUp SUp SUp SUp 

k n>2 n jejk teJ 



E M[ E F3 Q k ] 

2- n f i< 3 <2- n+1 u Qer 

bj-aj>2 k -* L( 9 k )=k l nl + ' T 
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We replace various sup's by £ Pd norms and use Lemma (2.3), (ii). We obtain 

\\IHn\\ p L d Pd < E E E [ E 2^-")/^2-^ d - 1 )/^card(J) 1 / w 2- CT ( <i - 1 )( 1 /^- 1 / 2 ) 
k p>2" JeJ* 2- n /J <j<2-"+V 

x( e iQi 1 - w/a K-*iiE) 1/w 

Qer 

L(Q)=k-j+a 
Ik-riQ)^ 1 log ^ 

If we abbreviate 

w^k = 2~ M E card <A 

(7.8) 

6 Q , CT = ior- pd/2 ii^- i(Q) ii^, 

this yields 

\\HIn\\l% d 

<r<«>EE^[ E ( E b Q .°) 1/P T 

k n>2" 2-"^<j<2-"+V Qer 

L(Q)=fe-j+a 
|fe-r(Q)|< £ - 1 log AI 

< 2 -.(d-l)(l- W / a) £ £ Wfc ^-1 £ £ ^ 

fe m>2" 2-" J u<j<2- n +V L(Q)=k-j+a 

|fe-r(Q)|< £ - 1 log AI 

(7.9) 

< 2 -a(«I-l)(l- P< ,/2) 2 - n ( P< ,-l) £ £ £ 

Q k:\k-T(Q)\<s^ log(2 n (fe-L(Q)+cr)) z^"" 1 (fc-L(Q)+<7)< 

^<2 n (fc-L(Q)+cr) 

Now by the regularity assumption (-R Pd ) and by (1.14) we have 



E wk,^ 1 *- 1 



A i:2"- 1 (fe-L(Q) + cr)< 
^<2"(fe-L(Q)+<j) 

< 2™(P"- 1 )(fc - L(Q) + cr + N(£: fe ) 2 fe ~ 2n(fe ~ i(Q)+CT) )2~ 2n(|fe ~' L(Q)l+CT) 

< [loglog(2 2n (l fe - i W)l+ CT ))]" 1 

and thus the expression (7.9) is controlled by 

2 -, {d - m - Pd/ 2) 2 -n( Pd -i)J2b Q}a E (l + n + log(|fc-i(Q)|+<7))- 

Q k:\k-T(Q)\<s- 1 (n+\og(k-L(Q)+a)) 
< 2 -a(d-l)(l-p d /2) 2 -„(p d -l) (log(2 + ff ) + n ) ^ &Q ct . 

Q 

Hence 

ll^nllip, < 2- CT ( d - 1 )( 1 -^/ 2 )2-"^- 1 )(log(2 + a) + n)\\F\\ x v d 
which yields the asserted bound (7.5). 
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Proof of (7.6). We estimate IV S < X^2">(t IVs,n where 



IV s . n = sup sup sup sup 

k (T<^<e e i s JeJ* teJ 



E 4[ E 



Qer 



L(Q)=fc-j+cr 
fe-r(Q)=s 



6 J -oj>2' s -5 

We apply Holder's inequality for the sum in j and apply Lemma 2.3 to get 



\iVsAl*<Y. E E 2 " n (^ +1 ) E sup^"[ £ F Q k 



k ff<(i<e E i s JeJ„* 



bj-a.7>2* ; - J 



Qer 

L(Q)=k-j+a 
fe-r(Q)=s 



<2-«e^X: E E carf (J) £ 2-^)2^ 2 



2 

L 2 



k a<fi<e'i s JeJ* 



2 _ "p<i<2~" + V 



Qer 

L{Q)=k-j+a 
fe-r(Q)=s 



Now we use 2 i ( < 5) d ( 1 /Pd-i/2)|| F J-fc|| L2 < 2 e 0< 7 2 r(Q)(d-i) a and that k = t (q) +S J = t (Q) - L(Q) +s + a 
and derive 

ll^nlll^ <2-' n e £lS \\F^ L{Q) \\l%2 £aa{2 - pd h T{Q){d - 1){2 - pd) a 2 - pd 



Qer 

t(Q)-L(Q)>-s 

x 2 



-(r(Q)-L(Q)+ s 



+-)< d - 2 ){ 2 ~" E cardJ } 



a — f 1 — e£l 1 JEi7' 
H<2 n ( T (Q)-L(Q)+s+a) " " 

H>2 n - 1 ( T (Q)-L(Q)+s+a) 



(Q)+« 



The expression {. . .} is 0(1) by (1.11). We compute that (d - 2) - d(l/p«j - l/2)(2-p d ) = d(l -pd/2) 
and (d — 1)(2 — p d ) — d — 2. Thus the last estimate simplifies to 



U^nlli 2 < 2~™e £lS V" 2 L (Q) d ( 1 ^P d / 2 )||^ _L(Q) ||P d 2 2 £o<j(2_Pd) Q! 2_Pd 2 _(;s+CT)(d_ 



2) 



Qer 

r(Q)-i(Q)>-a 



< a 2 -P<i2- n 2~ CT(d ~ 2 ~ £o(2 ~ p < i)) 2~ s(<i ~ 2 ~ 2£l) V" \Q\ 1 ^ Pd/2 \\F^ L(Q) \\ p ^ 2 

Q 

which implies (7.6). 

Proof of (7.7). This L Pd estimate away from the exceptional set follows by analogous arguments; Lemma 
2.3(iii) is used. We omit the details. 

This completes the proof of Proposition 7.1. □ 



8. Examples and counterexamples 

We consider a simple class of sets E to which Theorems I-IV can be applied. They satisfy the 

8.1. Convexity assumption. For each k e Z the set E k is given by {t^,}^ =1 where t k v is a monotone 
sequence contained in [2 fc ,2 fc+1 ], so that the sequence t„ +1 — i"; is also monotone. 

The following lemma shows that if (C PiCXJ ) holds for some p < d/(d — 1) and E satisfies the convexity 
assumption; then it also satisfies the regularity assumption for all p > 1. 
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Lemma 8.1.1. Suppose E satisfies the convexity assumption. Suppose that for some f3 > the estimate 

on 

(8.1) su P N(E k ,2 k - n ) < C — 

k [l + n)p 

holds uniformly in k £ Z. Then E satisfies regularity assumption (1Z P ) for all p > 1 + [(d — l)(f3 + 
Moreover it satisfies regularity assumption (Rd/(d-i))- 

Proof. We write E k as a sequence t k v and let J k consist of those t e E k where 2 fe ~^ < t k — t k +1 < 
2fc-^+i (assuming without loss of generality that the t k are decreasing in v). We clearly have cardJ^; < 
N(E k ,2 k -»). 

Let a k and b k denote the endpoints of the equally spaced set J k . Let V k = U Ai {a^,6^}, the set of 
cndpoints. The assertion is implied by the estimate 

(8.2) N(V k ,2 k - j ) < 2 l/{1+0) . 

Let L — Lj be the smallest integer > 2^ < - 1+l3 \ Note that the set U^z^. J k is contained in an interval of 
length 

<N(E k ,2 k - L i)2 k - L > <2 L ^(l + L J )- p 2 k - L ^ < (1 + L j )- /3 2 k . 

This interval can be covered by intervals of length 2 k ~3 and we need at most (1 + Lj)^^2^ such intervals 
to do this. But (1 + Lj)-P2i < 2il {1 +P\ 

We still need to cover the points in D k which do not belong to U /J >L j J k . But T> k consists just of the 
a k and the b k and there are at most 2Lj < 2^^ 1+ ^ points in V k which are not yet covered. This implies 

(8.2) . 

In order to verify the condition (1.11) it suffices to show 

(8.3) 2 _Ai card(J^) < 2- n N(E k , 2 k ~ n ). 

But if a k = inf M a^ = inf E k then the left side of (8.3) is s=s 2~ k (b k — a k ). Moreover every subinterval of 
length 2 k - n of [a k , b k ] contains points in E k and therefore b k -a k < 2 k - n N(E k , 2 fc -"); thus (8.3) holds. □ 

Proof of Theorem 1.1. The set E k = {2 k (l + V - a ) : v e 1 + } satisfies N(E k ,2 k S) < 5V(«+i) and 
assertion (i) follows from Lemma 8.1.1 and Theorem II. On the other hand, the set E k = {2 fc (l + log _ ' 3 (2 + 
v) : v e Z+} satisfies N(E k ,2 k S) < <5 _1 [log(l/<5)] _/3 and assertion (ii) follows from Lemma 8.1.1 and 
Theorem IV. □ 



8.2. A counter-example to L p boundedness for a related maximal function. 

Let Eq be any set in [1, 2] and define the modified maximal function 

M Eo f(x) := sup / * da(x + rei) 

reE 

in R d , where e\ is a unit vector. If E satisfies the regularity assumption (1Z P ), p < d/(d — 1) then the 
condition C PtP is necessary and sufficient for LP boundedness of Me ] indeed a notational modification 
of the proof of Theorem I applies to show the sufficiency. Note that for sets Eq supported in [1,2] the 
conditions C PtP and C Pi00 both amount to the inequality N(E , 6) < (5 _ ( d_1 )(p _1 ). However LP boundedness 
and indeed the weak type (p,p) property may fail if we drop the regularity assumption. 
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Let E be the middle- halves Cantor set consisting of all i = 1 + Y^jLi bj^ J where bj € {0, 2}. Then 
the Minkowski dimension of Eq is 1/2 and Me is bounded on L P (R 2 ) for p > 3/2 and unbounded on 
L P (R 2 ) for p < 3/2. Moreover C pp holds for p = 3/2. We show that nevertheless Me is not of weak type 
(3/2,3/2). 

Let N be large and define 

N 

/O) : = ^2<± l X2Ce 1+ B(0M-*)( X )> 
i=l 

where C is the Cantor set C = {J2~ Cj4r* : j = 0, 1} and a is small. Note that H/H3/2 ^ A^ 2 / 3 (each i 
contributes an L 3 / 2 norm of 0(1), and the contributions are mostly disjointly supported). 

Now Eq + C fills out the interval [1,2] and thus the maximal function Me J has size about TV on a 
fixed portion of the unit annulus, thus ||Ms /|| 1,3/2,00 > cN . This shows that Me q is not of weak type 
(3/2,3/2). A closer examination shows that / belongs to the Lorentz space L z l 2 - S with norm 0(N S ) so 
that Me f aus 1° map the Lorentz space L 3 / 2,s to £ 3 A°° when s > 1. Unfortunately this example is too 
rigid in order to apply to the maximal operator M. e considered in this paper. 

8.3. Failure of restricted weak type (2,2) in two dimensions. We shall now turn to the counterex- 
ample mentioned in the introduction and give a proof of Proposition 1.5. 

Suppose that there is a large constant B so that there exists k and n > 100 such that 

N{E k ,2 k ~ 2n ) > B2 2n /n. 

We then show that WMeWl 2 - 1 ^^.^ > cy/B for some absolute constant c. By rescaling we may assume 
k = and n»l. 

We use the construction of a Kakeya set as given by Keich [6], rescaled to a square of sidelcngth 2~". 
It gives us w 2" rectangles Ri with sidelengths 2~™~ 3 and 2~ 2rl ~ 6 so that Ri C [-2~", 2~™] 2 and the longer 
side of Ri is parallel to e; := (cos I2~ n , sin I2~ n ), and the union A = URi has measure < 2~ 2 ™n~ 1 . Thus 
\\XA\\L^*\\XAh<2- n n-^. 

Let b e a cover of the set E° by dyadic intervals of length 2 -2 ™, with disjoint interior so that 

N > B2 2n /n. Let I v — [a u , b u ] 1 and assume a v < a v+ \. We then pick every tenth interval = I\q v , moreover 
we pick every tenth rectangle R101 in the above Kakeya construction. Let ej- := (— sinZ2 _ ™,cos/2 _ ") and 
let Ri >v be the translate a Wv e^ ol + R W i- Then the rectangles R^„ are disjoint, however on a tenth fraction 
of each of these rectangles we have that MeXa{%) > c2~ n . There are w Af2 n /100 such rectangles and 
thus 

meas({x : MeXa(x) > c2~ n }) > c'N2 n 2- 3n > Bn' 1 ; 

but on the other hand HxAljiA^ 2 ™) ^ n^ 1 so that the L 2 ' 1 — » L 2 '°° operator norm is > \fB. This proves 
the proposition. □ 
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